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Abstract
We show that Buscher’s abelian duality transformation rules can be recovered in a
very simple way by performing a canonical transformation first suggested by Giveon,
Rabinovici and Veneziano. We explore the properties of this transformation, and also
discuss some aspects of non-abelian duality.
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1 Introduction
(Target space) duality, the generalization of the well-known R-duality in toroidal com-
pactifications in String Theory [1], remains a promising avenue to further understand the
underlying symmetries of String Theory.
The most powerful description of this symmetry was first introduced by Buscher [2],
and then further elaborated upon by many others [4] [5] [6] [7] [8]. It starts with the sigma-
model formulation of the corresponding conformal field theory (“string vacuum”), and it
works when the target space metric has at least one continuous isometry. Even in this
case, however, the procedure looks unnecessarily complicated: the isometry is gauged, the
(non propagating) gauge fields are constrained to be trivial, and the Lagrange multipliers
themselves are promoted to the rank of new coordinates once the gaussian integration
over the gauge fields is performed. One suspects that all those complicated intermediate
steps could be avoided, and that it should be possible to pass directly from the original
to the dual theory.
Some suggestions have indeed been made in the literature pointing (at least in the
simplified situation where all backgrounds are constant or dependent only on t) towards
an understanding of duality as particular instances of canonical transformations [9].
Our aim in this paper is to follow this lead. We shall find that it works well when
the isometry is abelian, laying the theory on a simpler setting than before, namely as
a (privileged) subgroup of the whole group of (non-anomalous, that is implementable in
Quantum Field Theory [10], [11] [12]) canonical transformations on the phase space of
the theory.
We shall be able to perform the transformation starting from arbitrary coordinates
(and writing the dual manifold in arbitrary coordinates as well) and, besides, we will
also follow explicitly the transformations of the currents of both the initial and the dual
model. In particular in the case of WZW models [13] it becomes rather simple to prove
that the full duality group is given by Aut(G)L×Aut(G)R, where L,R refer to the left- and
right-currents on the model with group G, and Aut(G) are the automorphisms of G, both
inner and outer. Due to the chiral conservation of the currents in this case, the canonical
transformation leads to a local expression for the dual currents. In the case where the
currents are not chirally conserved, then those currents associated to symmetries not
commuting with the one used to perform duality become generically non-local in the dual
theory and this is why they are not manifest in the dual Lagrangian [21].
It is, however, somewhat disappointing to have to report that we have not been able to
understand non-abelian duality in terms of canonical transformations. Once again in the
case of WZW-models, due to the presence of chirally conserved currents one can compute
the dual theory in terms of a set of non-local variables introduced in [8]. This procedure
unfortunately only works for theories with chiral currents, and even for that case we lack
a Hamiltonian formulation of the transformation.
1
2 Abelian Duality and Canonical Transformations
We start with the bosonic sigma model written in arbitrary coordinates on a manifold M
with Lagrangian
L =
1
2
(gµν + bµν)(φ)∂+φ
µ∂−φ
ν (2. 1)
where x± = (τ ± σ)/2, µ, ν = 1, . . . , n = dimM . The corresponding Hamiltonian is
H =
1
2
(gµν(pµ − bµρφ
′ ρ)(pν − bνσφ
′ σ) + gµνφ
′ µφ
′ ν) (2. 2)
where φ
′ µ ≡ dφµ/dσ. We assume, moreover, that there is a Killing vector field kµ,
Lkgµν = 0 and ikH = −dv for some one-form v, where (ikH)µν ≡ k
ρHρµν and H = db
locally. This guarantees the existence of a particular system of coordinates (“adapted
coordinates”), which we shall denote by xa ≡ (θ, xi), such that ~k = ∂/∂θ. We shall
denote the jacobian matrix by eaµ ≡ ∂x
a/∂φµ. In practice, this means that we have to
complete the Killing vector ~k ≡ kµ∂/∂φµ with (n− 1) other commuting vectors in order
to form a holonomic n-bein: [~k, ~ei] = [~ei, ~ej ] = 0.
This then defines a point transformation in the original Lagrangian (2. 1) which acts
on the Hamiltonian as a canonical transformation with generating function Φ = xa(φ)pa,
which yields:
pµ = e
a
µpa
xa = xa(φ) (2. 3)
Once in adapted coordinates we can write the sigma model Lagrangian as
L =
1
2
G(θ˙2 − θ
′ 2) + (θ˙ + θ
′
)J− + (θ˙ − θ
′
)J+ + V (2. 4)
where
G = g00 = k
2 V =
1
2
(gij + bij)∂+x
i∂−x
j
J− =
1
2
(g0i + b0i)∂−x
i J+ =
1
2
(g0i − b0i)∂+x
i (2. 5)
In finding the dual with a canonical transformation we can use the Routh function with
respect to θ, i.e. we only apply the Legendre transformation to (θ, θ˙). The canonical
momentum is given by
pθ = Gθ˙ + (J+ + J−) (2. 6)
and the Hamiltonian
H = pθθ˙ − L =
1
2
G−1p2θ −G
−1(J+ + J−)pθ +
1
2
Gθ
′ 2 +
+
1
2
G−1(J+ + J−)
2 + θ
′
(J+ − J−)− V. (2. 7)
2
The Hamilton equations are:
θ˙ =
δH
δpθ
= G−1(pθ − J+ − J−)
p˙θ = −
δH
δθ
= (Gθ
′
+ J+ − J−)
′
(2. 8)
where the last equation is equivalent to current conservation.
The current components are:
J+ =
1
2
G∂+θ + J+ =
1
2
pθ +
1
2
Gθ
′
+
J+ − J−
2
J− =
1
2
G∂−θ + J− =
1
2
pθ −
1
2
Gθ
′
−
J+ − J−
2
(2. 9)
Then ∂−J+ + ∂+J− = 0⇔ p˙θ = −δH/δθ. The generator of the canonical transforma-
tion we choose is:
F =
1
2
∫
D,∂D=S1
dθ˜ ∧ dθ =
1
2
∮
S1
(θ
′
θ˜ − θθ˜
′
)dσ (2. 10)
that is,
pθ =
δF
δθ
= −θ˜
′
pθ˜ = −
δF
δθ˜
= −θ
′
(2. 11)
This generating functional does not receive any quantum corrections (as explained in
[10]) since it is linear in θ and θ˜. It θ were not an adapted coordinate to a continuous
isometry, the canonical transformation would generically lead to a non-local form of the
dual Hamiltonian. Since the Lagrangian and Hamiltonian in our case only depend on the
time- and space-derivatives of θ, there are no problems with non-locality. Below we will
show how to transform wave functionals from the original to the dual theory.
The dual Hamiltonian is:
H˜ =
1
2
G−1θ˜
′ 2 +G−1(J+ + J−)θ˜
′
+
1
2
Gp2
θ˜
− (J+ − J−)pθ˜ +
1
2
G−1(J+ + J−)
2 − V (2. 12)
Since:
˙˜θ =
δH˜
δpθ˜
= Gpθ˜ − (J+ − J−), (2. 13)
we can perform the inverse Legendre transform:
L˜ =
1
2
G−1( ˙˜θ
2
− θ˜
′ 2) +G−1J+(
˙˜θ − θ˜
′
)
−G−1J−(
˙˜θ + θ˜
′
) + V − 2G−1J+J−. (2. 14)
3
When translated in terms of gab, bab this is nothing but Buscher’s transformations
2
g˜00 = 1/g00, g˜0i = −b0i/g00, g˜ij = gij −
g0ig0j − b0ib0j
g00
b˜0i = −
g0i
g00
, b˜ij = bij −
g0ib0j − g0jb0i
g00
(2. 15)
For the dual theory to be conformal invariant the dilaton must transform as Φ
′
= Φ −
log g00 [2] [3].
Some useful information can be extracted easily in the approach of the canonical
transformation:
-From the generating functional (2. 10) we can learn about the multivaluedness and
periods of the dual variables [6]. Since θ is periodic and in the path integral the canonical
transformation is implemented by [10]:
ψk[θ˜(σ)] = N(k)
∫
Dθ(σ)eiF [θ˜,θ(σ)]φk[θ(σ)] (2. 16)
where N(k) is a normalization factor, φk(θ+ a) = φk(θ) implies for θ˜: θ˜(σ+2π)− θ˜(σ) =
4π/a, which means that θ˜ must live in the dual lattice of θ. Note that (2.16) suffices to
construct the dual Hamiltonian. It is a simple exercise to check that acting with (2.12)
on the left-hand side of (2.16) and pushing the dual Hamiltonian through the integral we
obtain the original Hamiltonian acting on φk[θ(σ)]:
H˜ψk[θ˜(σ)] = N(k)
∫
Dθ(σ)eiF [θ˜,θ(σ)]Hφk[θ(σ)] (2. 17)
This makes the duality transformation very simple conceptually, and it also implies how
it can be applied to arbitrary genus Riemann surfaces, because the state φk[θ(σ)] could
be the state obtained by integrating the original theory on an arbitrary Riemann surface
with boundary. It is also clear that the arguments generalize straightforwardly when we
have several commuting isometries.
-We can easily see that under the canonical transformation the Hamilton equations
are interchanged:
p˙θ = −
δH
δθ
= (Gθ
′
+ J+ − J−)
′
→ ˙˜θ = Gpθ˜ − J+ + J−
θ˙ =
δH
δpθ
= G−1(pθ − J+ − J−)→ p˙θ˜ = (G
−1(θ˜
′
+ J+ + J−))
′
(2. 18)
The canonical transformed current conservation law is in this case equivalent to the first
Hamilton equation:
∂−J+
c.t. + ∂+J−
c.t. = 0⇔
˙˜
θ =
δH˜
δpθ˜
(2. 19)
2The minus signs in g˜0i and b˜0i can be absorbed in a redefinition θ˜ → −θ˜.
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(where we denote the canonical transformed current by J c.t.
±
) whereas the dual current3
conservation law is equivalent to the second Hamilton equation.
-In the chiral case J− = 0 (i.e. g0i = −b0i) and G is a constant, therefore we can
normalize θ to set G = 1 and :
L =
1
2
(θ˙2 − θ
′ 2) + (θ˙ − θ
′
)J+ + V (2. 20)
The Hamiltonian is
H =
1
2
p2θ − J+pθ +
1
2
(J+ + θ
′
)2 − V (2. 21)
The action is invariant under δθ = α(x+), a U(1)L Kac-Moody symmetry. The U(1)
Kac-Moody algebra has the automorphism J+ → −J+. This is precisely the effect of the
canonical transformation. The equation of motion or current conservation is:
∂−(∂+θ + J+) = 0 (2. 22)
J+ = ∂+θ + J+ = pθ + θ
′
transforms under the canonical transformation in J c.t.+ =
−θ˜
′
− pθ˜ = −J+.
-We can also follow the transformation to the dual model of other continuous symme-
tries. The simplest case is as usual the WZW-model [13] which is the basic model with
chiral currents. Consider for simplicity the level-k SU(2)-WZW model with action
S[g] =
−k
2π
∫
d2σTr(g−1∂+gg
−1∂−g) +
k
12π
∫
Tr(g−1dg)3, (2. 23)
parametrizing g in terms of Euler angles,
g = eiασ3/2eiβσ1/2eiγσ3/2 (2. 24)
the left- and right-chiral currents are
J+ =
k
2π
∂+gg
−1 J− = −
k
2π
g−1∂−g. (2. 25)
Explicitly for J+:
J 1+ =
k
2π
(− cosα sin β∂+γ + sinα∂+β)
J 2+ =
k
2π
(sinα sin β∂+γ + cosα∂+β)
J 3+ =
k
2π
(∂+α + cosβ∂+γ), (2. 26)
and similarly for the right currents. If we perform duality with respect to α→ α+constant
we know that J 3+ → −J
3
+,J
3
−
→ J 3
−
. For these currents it is easy to find the action of
the canonical transformation because only the derivatives of α appear. For J 1,2+ there
is an explicit dependence on α and it seems that the transform of these currents is very
non-local. However due to the chiral nature of these currents, we can show now that there
3Note that the canonical transformed current does not coincide in general with the dual current.
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are similar chirally conserved currents in the dual model. To do this we first combine the
currents in terms of root generators,
J
(+)
+ = J
1
+ + iJ
2
+ = e
−iα(i∂+β − sin β∂+γ) = e
−iαj
(+)
+ ,
J
(−)
+ = J
1
+ − iJ
2
+ = −e
iα(i∂+β + sin β∂+γ) = e
iαj
(−)
+ , (2. 27)
from chiral current conservation ∂−J
(±)
+ = 0 we obtain
∂−j
(±)
+ = ±i∂−αj
(±)
+ , (2. 28)
in these equations only α˙, α′ appear, and after the canonical transformation we can re-
construct the dual non-abelian currents ( in the previous equations the canonical trans-
formation amounts to the replacement α → α˜) which take the same form as the original
ones except that with respect to the transformed J 3+ the roles of positive and negative
roots get exchanged. One also verifies that J a
−
are unaffected. This implies therefore
that the effect of duality with respect to shifts of α is an automorphism of the current
algebra amounting to performing a Weyl transformation on the left currents only while
the right ones remain unmodified. This result although known [5] is much easier to derive
in the Hamiltonian formalism than in the Lagrangian formalism where one must intro-
duce external sources which carry some ambiguities. The construction for SU(2) can be
straightforwardly extended to other groups. This implies that for WZW-models the full
duality group is Aut(G)L × Aut(G)R, where Aut(G) is the group of automorphisms of
the group G, including Weyl transformations and outer automorphisms. For instance if
we take SU(N), the transformation J+ → −J
T
+ , i.e. charge conjugation, follows from a
canonical transformation of the type discussed. It suffices to take as generating functions
for the canonical transformation the sum of the generating functions for each generator in
the Cartan subalgebra. External automorphisms have been used recently to extend the
notion of duality [18] [19] [20]. It is important to remark that the chiral conservation of
the currents is crucial to guarantee the locality of the dual non-abelian currents. If the
conserved current with respect to which we dualize is not chirally conserved locality is
not obtained. The simplest example to verify this is the principal chiral model for SU(2).
Although it is not a CFT, it serves for illustrative purposes. The equations of motion for
this model imply the conservation laws:
∂−J
a
+ + ∂+J
a
−
= 0 (2. 29)
where
J a
±
=
k
2π
∂±gg
−1 (2. 30)
If we perform duality with respect to the invariance under α translations we know how
J 3
±
transform, since they are the currents associated to the isometry. With the canonical
transformation is possible to see as well which are the other dual conserved currents. Since
the dual model is only U(1)-invariant [6] one expects the rest of the currents to become
non-local [21] if they exist at all. In terms of the root generators introduced in (2. 27)
the conservation laws
∂−J
(±)
+ + ∂+J
(±)
− = 0 (2. 31)
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are expressed:
∂−j
(±)
+ + ∂+j
(±)
− ∓ i(∂−αj
(±)
+ + ∂+αj
(±)
− ) = 0 (2. 32)
Performing the canonical transformation we obtain that the dual conserved currents are
given by:
J˜
(+)
± = exp (i
∫
dσ( ˙˜α + cosβγ
′
))(i∂±β − sin β∂±γ)
J˜
(−)
± = − exp (−i
∫
dσ( ˙˜α+ cos βγ
′
))(i∂±β + sin β∂±γ) (2. 33)
which cannot be expressed in a local form.
The dual manifold M˜(θ˜, xi) is automatically expressed in coordinates adapted to the
dual Killing vector ~˜k = ∂/∂θ˜. We can now perform another point transformation, with
the same jacobian as before
e˜aµ = e
a
µ (2. 34)
to express the dual manifold in coordinates which are as close as possible to the original
ones.
The transformations we have performed are: First a point transformation φµ →
{θ, xi}, to go to adapted coordinates in the original manifold. Then a canonical transfor-
mation {θ, xi} → {θ˜, xi}, which is the true duality transformation. And finally another
point transformation {θ˜, xi} → φ˜µ, with the same jacobian as the first point transforma-
tion, to express the dual manifold in general coordinates.
It turns out that the composition of these three transformations can be expressed in
geometrical terms using only the Killing vector kµ, ωµ ≡ e
0
µ and the corresponding dual
quantities 4.
It is then quite easy to check that the total canonical transformation to be made in
(2. 1) is just
kµpµ → ω˜µφ˜
′ µ
ωµφ
′ µ → k˜µp˜µ (2. 35)
whose generating function is5
F =
1
2
∫
D
ω˜ ∧ ω =
1
2
∫
D
ω˜µdφ˜
µ ∧ ωρdφ
ρ (2. 36)
4Please note that we must raise and lower indices with the dual metric, i.e. e˜aµ = g˜abe˜
b
µ; e˜
aµ =
g˜µν e˜aν , and this implies ω˜µ = ωµ, but ω˜
µ = kµ(k2 + v2) + ~e µ · v (where ~e µ ≡ eµi ); k˜
µ = kµ, but
k˜µ = (ωµ − (~eµ · v))/k
2; we have moreover ω˜ 2 = k2 + v2 + gijvjωi and k˜
2 = 1/k2.
5The one-form ω ≡ ωµdφ
µ is dual to the Killing vector ~k: ω(~k) = 1, ω(~ei) = 0; but it is of course
different from k ≡ kµ/k
2dφµ (the former is an exact form, whereas the latter does not even in general
satisfy Frobenius condition k ∧ dk = 0).
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One then easily performs the transformations in such a way that the dual metric and
torsion can be expressed in geometrical terms as6
g˜µν = gµν −
1
k2
(kµkν − (vµ − ωµ)(vν − ων)) (2. 37)
g˜µν = gµν +
1
(1 + k.v)2
[(k2 + (v − ω)2)kµkν − 2(1 + k.v)(k(µ(v − ω)ν)] (2. 38)
and
b˜µν = bµν −
2
k2
k[µ(v − ω)ν] (2. 39)
which are the generalization of Buscher’s formulae (2. 15) in arbitrary coordinates, where
k(µ(v − ω)ν) =
1
2
(kµ(vν − ων) + kν(vµ − ωµ))
k[µ(v − ω)ν] =
1
2
(kµ(vν − ων)− kν(vµ − ωµ)) (2. 40)
3 Non-abelian Duality
In view of the simplicity of the canonical approach to abelian duality, one could be tempted
to think that the corresponding generalization to the non-abelian case would not be very
difficult. Unfortunately this is not the case, the reason being that there are no adapted
coordinates to a set of non-commuting isometries, and therefore one is led to a non-local
form of the Hamiltonian. In [8] we could carry out the non-abelian duality transformation
due to the existence of left- and right-chiral currents and as a consequence of the Polyakov-
Wiegmann [14] property satisfied by WZW-actions. Although in the intermediate steps it
was necessary to introduce non-local variables (a convenient representation of the auxiliary
variables setting the non-abelian gauge field strength to zero), the final result led to a local
action in the new variables as a result of the special properties of WZW-models mentioned.
The computations could be carried out exactly until the end to evaluate the form of the
effective action in terms of the auxiliary variables needed in the construction of non-abelian
duals. Although a glance to the action could lead us to think that the non-abelian dual of a
WZW-model with group G with respect to a non-anomalous subgroup H is locally a coset
theory G/H times a WZW-theory for the subgroup H , a careful analysis of the BRST
constraints that appear in the construction together with a computation of the duality
transformation for toroidal world-sheets show that the model is self-dual. We have so far
been unable to express these functional integral manipulations in a Hamiltonian setting
as in previous section. We should mention however that the use of non-local variables
introduced in [8] in cases where the currents are conserved but not chiraly conserved leads
in general to non-local actions, hence they are not very useful in those cases. A setting
where they are still useful is in the case of (1, 1)-supersymmetric WZW-models [15] [16]
[17]. We will not spell out the details here because the results are exactly the same as in
the bosonic case [8] except that fields are replaced by (1, 1)-superfields, and that the shift
6In checking that the total result is equivalent to Buscher’s transformations, one needs to use the fact
that ω2 = 1
k2
+ gijkikj/k
4.
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of level k → k + cH (cH is the dual Coxeter number of the subgroup H) does not take
place due to cancellations between bosonic and fermionic determinants. Apart from these
cases a satisfactory treatment of non-abelian duality in non-chiral cases in the functional
integral or Hamiltonian approaches still remains elusive.
4 Conclusions
We have presented in this paper a canonical approach to (target space) duality in String
Theory. We believe that this is a “minimal” approach in the sense that no extraneous
structure needs to be introduced, and all standard results in the abelian case (and more)
are easily recovered using it. In particular, the behavior of currents not commuting
with those used to implement duality is clarified. All the generators of the full duality
group O(d, d, Z) can be described in terms of canonical transformations. This gives the
impression that the duality group should be understood in terms of global symplectic
diffeomorphisms. The configuration space of the two-dimensional field theories considered
is the loop space of a manifold with isometries, the phase space is the cotangent space to
this loop space. It would be useful to formulate the notion of duality in the context of
some analogue of the group of disconnected diffeomorphisms, but for the time being we
have not found such a construction. Finally non-abelian duality seems to fall beyond the
scope of the Hamiltonian point of view advocated in this paper. Whether this is just a
question of technical ingenuity or whether it is due to some conceptual difficulty in the
very notion of non-abelian duality remains for the time being undecided.
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Note Added
After completion of this work we learned that in reference [21] a canonical transfor-
mation was built relating the SU(2) principal chiral model and its non-abelian dual with
respect to the left action of the whole group. We thank T. Curtright and C. Zachos for
bringing this information to our attention and for other discussions. We also learned that
this non-abelian dual model was studied in [22].
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